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The refined de Sitter (dS) conjecture provides two consistency conditions for an effective theory
potential of a quantum gravity theory. Any inflationary model can be checked by these conditions
and minimal gauge inflation is not an exception. We develop a generic method to analyze a mono-
tonically growing potential with an inflection point on the way to the plateau near the top such as
the potential in minimal gauge inflation model and the Higgs inflation. Taking the latest observa-
tional data into account, we find the fully consistent parameter space where the model resides in
the Landscape rather than in the Swampland.
I. INTRODUCTION
The refined de Sitter (dS) conjecture, the latest version
of the Swampland conjecture, was recently proposed by
Ooguri, Palti, Shiu and Vafa [1] after an earlier version
proposed by Obied, Ooguri, Spondyneikeo and Vafa [2].
The conjecture states that any scalar potential V (φ) for
scalar fields in a low energy effective theory of a consistent
quantum gravity must satisfy at least one of the following
conditions:
||∇V || ≥ c1 V
MP
, (Condition-1)
min(∇i∇jV ) ≤ −c2 V
M2P
, (Condition-2)
where c1 and c2 are universal, positive constants of or-
der unity and min(∇i∇jV ) of the second condition is
the minimum eigenvalue of the Hessian ∇i∇jV in an or-
thonormal frame.1
One of the most straightforward and intriguing impli-
cations of the conjecture is that the cosmological constant
scenario, for which ||∇Vc.c|| = 0 and Vc.c. > 0, is ruled
out but the quintessence field with an exponentially de-
caying potential VQ (Q) = Λ
4
Qe
−cQQ would consistently
explain the late time expansion if cQ ≥ c1 (see a recent
review of quintessence model [3]). There have been many
follow-up papers considering various implications of the
conjecture [4–24].
Distinctively from the (Condition-1), the newly added
(Condition-2) is rather easily satisfied for a generic po-
tential in low scale, ∆φMP , because
M2P
∇i∇jV
V
∼ −M
2
P
∆φ2
 −c2 ∼ −O(1). (1)
However, inflationary dynamics, which takes place at a
high scale, is constrained by the conditions as analyzed
recently in Ref. [4]. The dS conjecture indeed provides
some new insights in viewing each model so that we are
1 In literatures, c and c′ are also widely used instead of c1 and c2
in this paper. Note c1 and c2 are for the first and the second
derivatives of the potential, respectively.
FIG. 1: The potential for the minimal gauge inflation
model in φ/feff = (0, pi).
motivated to examine a new kind of model, which has not
been examined so far: a minimal gauge inflation model
introduced in Ref. [25].
In the next section, Sec. II, we start from the inflaton
potential of minimal gauge inflation model and apply the
dS conjecture to read out the consistency conditions in
generic field space. In Sec. III, now considering the latest
cosmological observations from the Planck 2018 and also
the polarization measurements from BICEP/Keck, we re-
examine the dS conditions for a fully realistic case, which
can provide the most interesting understanding of the
model in light of the dS conjecture. Finally we conclude
in Sec. IV.
II. MINIMAL GAUGE INFLATION AND THE
CONDITIONS OF REFINED SWAMPLAND
CONJECTURE
A minimal gauge inflation model is based on a higher
dimensional theory of non-Abelian SU(2) gauge symme-
try on the orbifold, S2/Z2 [25] with only a few free pa-
rameters, the compactification radius, R, and the gauge
coupling constant, g5 in five dimensions. The model
is supposed to be the simplest realization of this cate-
gory [26–29]. The inflaton is identified with the extra
ar
X
iv
:1
81
0.
11
27
9v
1 
 [h
ep
-p
h]
  2
6 O
ct 
20
18
2dimensional component of the gauge field, A5 ∼ φ, and
its potential is protected by the higher dimensional gauge
symmetry itself but generated at one-loop level by gauge
self interactions. As a result, the model is extremely pre-
dictive.2 It is desired to check if this model is consistent
with the refined dS conjecture.
The inflaton potential of minimal gauge inflation
model is
V (φ) = V0
∞∑
n=1
1
n5
[
1− cos nφ
feff
]
(2)
= −V0
2
[
Li5(e
iφ/feff ) + Li5(e
−iφ/feff )− 2ζ(5)
]
,
where two of the most important model parameters, V0
and feff , are introduced: V0 =
9
(2pi)6R4 is the scale of
the potential and feff =
1√
2piRg5
= 12pig4R is the ‘effective
decay constant’. The potential is composed of infinitely
many periodic terms. It has a maximum at φ/feff =
pi and we only consider the physical region in φ/feff =
(0, pi). The inflation starts below φ/feff ≈ pi then roll-
down to the true vaccum at φ/feff = 0. The model may
be regarded as a UV completion of the natural inflation
models [31–33]. The shape of the potential is depicted in
Fig. 1.
A. Condition-1
We first request (Condition-1) or MP ||V ′||/V ≥ c1. A
convenient function is introduced:
C
(
φ
feff
)
≡ feff ||V
′||
V
(3)
=
i
[
Li4(e
−iφ/feff )− Li4(eiφ/feff )
][
Li5(eiφ/feff ) + Li5(e−iφ/feff )− 2ζ(5)
] . (4)
The function is plotted in Fig. 2 (upper curve). As the
function is monotonically decreasing within the range of
our interest, (Condition-1) sets up a upper limit for φ:
C
(
φ
feff
)
≥ c1 feff
MP
⇔ φ ≤ φ∗ = feff C−1
(
c1
feff
MP
)
. (5)
The critical value, φ∗, is determined for a given value
of c1feff/MP . In principle, the parameter is constrained
by the inflationary observables. We will be discuss this
in Sec. III.
2 In Ref. [30], the electroweak symmetry breaking is realized by a
fully radiatively generated potential.
FIG. 2: C(φ/feff) and D(φ/feff) in φ/feff = (0, pi). The
locations of φ∗ and φ? are also depicted.
B. Condition-2
The potential is convex (V ′′ > 0) for a small field value
of φ/feff then becomes concave (V
′′ < 0) toward the
plateau located at the top. The inflection point (V ′′ = 0)
locates at φ/feff ≈ 1.45. To analyze the second condition,
we introduce a convenient function, D, which encapsu-
lates the information of the curvature of the potential:
D
(
φ
feff
)
≡ f2eff
V ′′
V
(6)
= − Li3(e
−iφ/feff ) + Li3(eiφ/feff )[
Li5(eiφ/feff ) + Li5(e−iφ/feff )− 2ζ(5)
] .
(7)
The shape of the D is depicted in Fig. 2 (lower curve).
The function is monotonically decreasing and
(Condition-2) limits the validity range of φ and sets the
lower bound φ? as
D
(
φ
feff
)
≤ −c2 f
2
eff
M2P
⇔ φ ≥ φ? = feff D−1
(
−c2 f
2
eff
M2P
)
. (8)
C. Condition-1 and Condition-2
In principle, (Condition-1) in Eq. 5 and (Condition-2)
in Eq. 8 are independent. However, at least one of the
conditions can be satisfied in the whole region of φ if
the lower bound of (Condition-2), φ?, is smaller than the
upper bound of (Condition-1), φ∗ or
φ?
feff
= D−1
(
−c2 f
2
eff
M2P
)
≤ C−1
(
c1
feff
MP
)
=
φ∗
feff
. (9)
This inequality is a generic condition that should be
taken as the guiding principle of a model, which has simi-
lar features: growing potential having an inflection point
in the middle toward the top of the potential. There
3FIG. 3: The critical line of (c1, c2). The region above
the line is excluded by the dS conjecture or belongs to
the “Swampland”.
are many examples of this kind including the Higgs in-
flation [34–39].
If the above condition is not satisfied, there exists a
region of φ ∈ (φ∗, φ?) where neither condition is satis-
fied. Indeed, as one can notice in the figure, C ∼> D in
φ/feff ∼> pi/4 so that one can actually find a set of val-
ues (c1, c2) for a given value of feff/MP satisfying the
desired condition as one can clearly see in Fig. 2. For
instance, with (c1, c2) = (0.3, 0.1) and feff/MP ≈ 1.2,
(φ?, φ∗) ≈ (1.6feff , 2.4feff) thus the dS criterion is satis-
fied.
In Fig. 3 we depicted the critical lines in the plane
of (c1, c2) for various values of feff : feff/MP =
0.9, 1.0, 1.1, 1.2. The regions below the lines (colored
parts), the critical condition, φ? ≤ φ∗, is satisfied thus
the condition of the refined dS conjecture is fulfilled and
belongs to the “Landscape” but in the regions above the
lines, the potential may not have a consistent quantum
gravitational UV completion or belongs to the “Swamp-
land”.
Until this far, we examine the implications of the re-
fined dS conjecture to generic field space of minimal
gauge inflation model. Using the method, we found that
the allowed range of (c1, c2) depends on feff . On the
other hand, if (c1, c2) are known a priori, we can set the
theoretically preferred range of the model parameters.
Instead, in this paper, we take the observational data as
the guideline of a theory and try to set the bound on
(c1, c2) in the next section.
III. INFLATIONARY PREDICTIONS
The inflationary observables, the power spectrum of
the curvature perturbation, Pζ , the corresponding spec-
tral index, ns, the tensor-to-scalar ratio, r, of minimal
FIG. 4: The critical line of (c1, c2) consistent with the
observational data from Planck+BICEP2+Keck [40–43].
gauge inflation are obtained in Ref. [25]:
Pζ ≈ V0f
2
eff
6pi2M6P
e−NeM
2
P /f
2
eff , (10)
ns ≈ 1− M
2
P
f2eff
, (11)
r ≈ 8M
2
P
f2eff
e−NeM
2
P /f
2
eff , (12)
where Ne is the number of efolds. From these, we get the
model parameters and Ne as
V0 ≈ 48pi
2Pζ(1− ns)2
r
M4P , (13)
feff ≈ 1√
1− ns
MP , (14)
Ne ≈ 1
1− ns log
8(1− ns)
r
. (15)
We take the reference values
Pζ = 2.5× 10−9, ns = 0.965± 0.004, (16)
from the recent data of Cosmic Microwave Background
radiation (CMB) from the Planck observatory [40–42]
and also the data taken by the BICEP2/Keck CMB po-
larization experiments [43] then we determine the model
parameters, V0 and feff , as well as the allowed window
for r as
V0|Planck+BICEP2+Keck ≈ (3.0− 4.2)× 10−8M4P , (17)
feff |Planck+BICEP2+Keck ≈ 5.3MP , (18)
r|Planck+BICEP2+Keck ≈ 0.034− 0.049, (19)
for the requested number of efolds, Ne = 50 − 60. No-
tice that the tensor-to-scalar ratio r is within the future
probe. The determined values of V0 and feff would give
the compactification radius and the gauge coupling con-
stant:
RMP ≈ 7.7− 8.4,
g4 ≈ (3.5− 3.9)× 10−3, (20)
4which look consistent with the quantum gravity and the
perturbative gauge theory with g4  4pi.
Finally, having determined the input parameters of the
model we now can directly check the dS conjecture. The
Fig. 4 is depicted to show the parametric region of (c1, c2)
which is consistent with the dS conjecture as well as the
observational data. The allowed values of c1 and c2 are
typically c1 ∼ 0.15 and c2 ∼ 0.01 or smaller. The values
are not strictly O(1) as requested in the conjecture but
still close numerically.
IV. CONCLUSION
The latest swampland conjecture could provide impor-
tant implications to the low energy effective theory mod-
els which may or may not be consistent with the quan-
tum gravity theory. The conjecture suggests two related
but independent conditions for any scalar potential V (φ)
of a low energy effective theory of a consistent quantum
gravity:
||∇V || ≥ c1 V
MP
, min(∇i∇jV ) ≤ −c2 V
M2P
,
which we call (Condition-1) and (Condition-2), respec-
tively, in this paper. The parameters c1 and c2 are sup-
posed to be universal but unknown positive constants.
In this paper, we closely examine a minimal gauge infla-
tion model as a concrete example of potentially realistic
inflationary model and apply the dS conjecture to see
the consistency with a quantum gravity theory. Interest-
ingly, the potential indeed allows a parametric region in
(c1 ∼< 1, c2 ∼< 1). If we apply the latest cosmological ob-
servations from Planck 2018 and also BICEP2+Keck, the
allowed region shrinks but still exists as is clearly seen in
Fig. 4. Finally, we would emphasize that the method de-
veloped in this paper can be applied to any theory with
a similarly behaving potential: growing monotonically,
having an inflection point on the way to the top.
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